WZNW Strings, Unitarity and 
Anti de Sitter spaces 



Jonas Bj6rnsson3 and Stephen Hwang^ 

1 Department of Applied Mathematics and Theoretical Physics 
Cambridge University 



O 

CsJ ■ Wilberforce Road 

H ■ Cambridge CB3 OWA, United Kingdom 

a ■ 

2 Department of Physics 
Karlstad University 
SE-651 88 Karlstad, Sweden 

3 Department of Physics 
Oh| Linnaeus University 

Jh ; SE-391 82 Kalmar, Sweden 

(N 
> 

ON 

■ Abstract 

m 

We investigate the unitarity of strings on non-trivial space-time backgrounds 
based on gauged WZNW models involving SO(n, 2), gauging an SO(n, 1) subgroup. 
As geometric coset spaces, these are Anti de Sitter spaces. Our present models are 
more complicated than the ones considered previously, for example those connected 
to Hermitian symmetric spaces. In the present case, the time-like field component 
^ 1 is not a center of the maximal compact subalgebra, leading to several additional 

complications. Assuming discrete representations, it will only be possible to consider 
n even, resulting in odd dimensional spaces. We will prove that such models are 
free of ghosts for a class of discrete representations. 



1 j.bjornsson@damtp.cam.ac.uk 
2 stephcn. hwang@kau.se 
3 stephcn. hwang@lnu.se 



1 



1 Introduction 



In a series of papers pQ [3] we have studied string propagating on coset manifolds con- 
structed using WZNW models with a non-compact group G gauging H' . H' is con- 
structed from the maximal compact subgroup H as H = Z(H) x H' where Z(H) is the 
one- dimensional center of H. The spaces G/H are non-compact Hermitian spaces, which 
have all been classified, see [I] . The unitarity of these models relies on BRST construction 
[5l [6] (see also [7]) as the GKO construction [8] yields a non- unitarity spectrum pQ. This 
is the first case where the two approaches yield different results. 

These models have been studied extensively, see [9] [16] for early work, More recently, 
the progress made to understand the non-perturbative properties of string theory leading 
to M-theory [I7J [TS] and D-branes [TSj, the non-compact backgrounds associated with 
Anti de Sitter (AdS) spaces became of central interest [20] . 

The progress since the original proposal of the AdS/CFT-conjecture has been sub- 
stantial (see [21] for a recent review). One of the most important steps is the connection 
to integrable models. In [22] it was shown that strings moving on AdSsxS 5 , based on the 
action suggested in [23] , has an infinite number of conserved charges and are, therefore, 
classically integrable. An alternative approach to the one in [23] is the covariant approach 
using pure spinors pM] . 

The form of the Hamiltonian in light-cone gauge was derived in [251 EE], and has a 
complicated structure. One can study, however, a particular limit in which the dynamics 
simplifies. This is the limit where the light-cone momentum is taken to infinity while 
holding the physical string tension fixed. The world-sheet theory then has a massive 
spectrum and a well defined notion of asymptotic states. In this limit, quantum inte- 
grability implies that there is no particle production and that multi-particle scattering 
amplitude should factorize into two-body scattering ones. Considerable progress has been 
made assuming quantum integrability of the model. One has determined the spectrum of 
bound states of the model [21], conjectured the dispersion relation [2B] and determined 
the matrix structure of the S-matrix [29] [31]. Furthermore, one has found an asymp- 
totic form of the dressing factor of the S-matrix [32] and conjectured the exact form [33] . 
The progress has been for large light-cone momentum, but there has also been progress 
for finite light-cone momentum. One has fairly recently conjectured that the so-called 
Y-system [3U [33] encode the finite size string spectrum [36J . 

In this paper we will study string theories on backgrounds constructed as gauged 
WZNW models, where G = SO(n,2) and one gauges H' = SO(n,l). More precisely, 
we will study the unitarity problem for such string theories. As geometric coset spaces, 
these are Anti de Sitter spaces of dimension n + 1. It should be remarked, however, that 
the string background we consider is the one where one gauges an adjoint action of the 
subgroup yielding a space G / Ad(H') , which is not the same space as the geometric coset 
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space. We will be able to construct a consistent gauging when n = 2p and prove that these 
models give a unitary spectrum for a class of discrete representations. This provides the 
first example of a unitary string theory beyond the class of models studied previously [T] 
[3], associated with Hermitean symmetric spaces. One important difference compared to 
the previous class of models is the absence of the central element Z(H). This element plays 
the role of time in the previous models. In the present class of models, time is embedded 
in a more complicated fashion. This will lead to several additional complications. One 
difficulty will be to find a consistent embedding of the subalgebra. This is the reason why 
there is no regular embedding for the even dimensional case. Another difficulty will lie in 
the proof of unitarity, which will turn out to be more involved. 

The models treated here are easily generalized to world-sheet supersymmetric ones. 
The proof of unitarity is readily generalizable to this briefly discussed in the 

paper. However, space-time supersymmetry is not achieved and it is not known how to 
implement it in our approach. Although our model is distinctly different from [23], there 
might be some common features. One can reduce the action, using the Pohlmeyer reduc- 
tion [37] [39], to a gauged WZNW model with world-sheet fermions and a perturbation 
[in]-[lS]. This gauged WZNW model is gauge fixed, and the relevant group is SO (4, 1) 
with a gauging of SO (4). 

The paper is organized as follows. Section two is devoted to the formalism, the third 
section discusses how so(2p, 1) is realized as a subalgebra in so(2p, 2) and how it is gauged. 
The fourth section proves that the state-space is unitary for the choice of representations. 
In this section we also discuss the generalization to the world-sheet symmetric model. In 
the fifth section we discuss the problems in formulating and, therefore, proving necessary 
conditions for the coset to yield a unitary spectrum. The last section contains some con- 
cluding remarks. In an appendix we discuss some properties of 50 (4, 2) and the subalgebra 

50(4,1). 

2 Formalism 

The conventions and definitions used in this paper are based on |46j. Denote by A 
all roots, A + /~ the positive/negative roots, A s the simple roots, A c the compact roots, 
A+ = A c fl A + the compact positive roots, A n the non-compact roots and A+ the positive 
non-compact roots. We take the long roots to have length y/2. Let a E A and define the 
coroot by a v = 2 (a, a)" 1 a. Let aW g A + denote the simple roots. 
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The Cartan-Weyl basis of g c is 

[H\W] = 0, 
[H\E a ] = ciE a , 

[E a ,E?] = e a ,pE a+ P + 5 a+ wJ2 a i Hi > 

i=l 

where e a $ 7^ if a + (3 G A, a 1 are components in the Dynkin basis, = (a v , A(j)). 
Here {Af^}, % — 1, . . . , r g , is a basis of the weight space. 

The Cartan-Weyl basis can be extended to the affine Lie algebra $j c , 

[H^Hl] = mkG^5 m+nfi , 

\ Tji pa] rj'W* 

\ n mi I2j ri\ ~ UL ■ Cj m+ny 

[Em, E n] = e a,^E^ n + 5 a+ p fl f H l m+n + j- —y nk8 m+nfi J , (2.2) 

where G^ ij = (aW v ,a^ v ) is the metric on the weight space with inverse = 
(A(j),Ay)) and k is the level. We denote by A the affine roots and by |0;/i) a high- 
est weight state of a g c module with weight p = (p, k, 0). It satisfies 

4|0;/i) = 0, (2.3) 
flj|0;//) = /ii0;/i), (2.4) 

where j\ = {^m ? E m°} form > 0,n > for a 6 A+. We also define J s = 

{H z _ m , EZn, E" m } for m > 0, n > for a G A + . The irreducible highest weight q c 
module that is defined by acting with j£ on the highest weight state is denoted by H?. 

The generators are defined to have the Hermite conjugation properties (J+y = ±Ji 
w.r.t. 0, where the minus sign appears for a G A n and the plus sign otherwise. The 
generators of the Cartan subalgebra are Hermitian. The norm of |0; p) is defined to be one. 
Norms of other states \s') = J®_ \s) are then defined iteratively by (s'|s') = (s\ (Jl)'J!L \s). 

A weight p is said to be dominant if (a, fx) > 0, a G A s and antidominant if (a, fi+p) < 
0, a G A s . Here p = ± £ aeA+ a and p is the affine extension of this, p — (p, g v , 0), where 
g w is the dual Coxeter number. The dominant and antidominant weights are said to be 
integral if they have integer components. Integral dominant highest weight representations 
are often called integrable. Dominant affine weights require k > (9, pi) and (p,a^ v ) > 0. 
Antidominant affine weights require k + g y < 0, k < (9, p) - 1 and (p + p, ct^ v ) < 0. 
The Shapovalov-Kac-Kazhdan determinant [4T1 |4"8] . implies an important property of 
antidominant weights, namely that the corresponding highest weight Verma modules are 
irreducible. This follows since the determinant is always non-zero. 
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3 Gauging so(2p, 1) 



The construction we will be considering here is the coset SO(2p, 2)/SO(2p, 1). The rele- 
vant complex algebra is D p+ \ for the real form so(2p, 2), which is of rank p+1. Similarly, 
so(2p, 1) is a real form of B p and is of rank p. D p+ \ has a dual Coxeter number g v = 2p. 
so(2p, 2) has 4p non-compact generators and p(2p — 1) + 1 compact ones. B p has a dual 
Coxeter number g v = 2p — 1. so(2p, 1) has 2p non-compact generators and p(2p — 1) 
compact ones. We will, for convinience, call a root a (non-) compact if the corresponding 
generator E a is (non-) compact. 

Let us collect some properties for D p+ \ w.r.t. the real form so(2p, 2). 

Lemma 1 (i) One can choose a basis such that the simple roots and a <J>+1 ) are non- 
compact, while the rest of the positive non- compact roots are 



i=l 
r-l 



+ (3.1; 



1=1 



for r — 1, . . . ,p — 1. 

(ii) a p — a p+1 = for a E A c , where a 1 = (a, a^ v ) . 

Proof. The above statements are easily proven using an orthogonal basis {e^^^ee eg. 
[15]). Then the positive roots can be written 

a = {e t ± e,} 1 < i<j < p+1 , (3.2) 

and the simple roots 

« W = i e i~ ^+i}i<i< P 

a (H-i) = { 6p + e p+1 }. (3.3) 

To prove assertion (i) we should show that by choosing and non-compact 
while the rest of the simple roots are compact, we will get the correct number of compact 
and non-compact roots. Using the orthogonal basis above, we first see that the roots 
defined in eq. (13. ip are indeed roots. Furthermore, they are obviously non-compact. This 
gives us altogether 2p non-compact positive roots, which is the correct number. The roots 
that are left are of the form a = {e^ ± ej} 1<i<J<p . These roots can never involve an odd 
number of non-compact simple roots, as such roots would always contain e p+ i, so the 
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roots not of the form eq. (13. ip are compact. This means that all compact roots lie in the 
p-dimensional space spanned by {e;}^ =1 . 
To prove (ii) we simply use 

cP - a p+1 = (a, a (p)v - a (p+1)v ) = -2a ■ e p+1 , (3.4) 

which, by using that the compact roots are a = {e^ ± ej} 1<:i< ■< , gives the assertion. □ 

It should be noted that the basis considered above is not the same as in [U H9j 150] . 
There the basis was chosen such that there was a unique simple non-compact root. The 
highest root, #d p+1 , in the latter basis is non-compact, while in the present one it is 
compact. Somewhat surprisingly, the present basis does not admit unitary highest weight 
representations (except for so(2,2)), contrary to the previous basis. A discussion of this 
and other properties for the case 50 (4, 2) is given in the appendix. The reason for the 
present choice of basis is that it allows a regular embedding of so(2p, 1) into so(2p, 2)) i.e. 
one that preserves the triangular decomposition of the algebra. The former basis does 
not allow a regular embedding. This is shown for the case so(4, 2) in the appendix and 
since so (4, 2) is a subalgebra for the higher dimensional cases, it holds in general. 



Figure 1: Dynkin Diagrams for B p and D p+ i 



Dynkin diagram of B p : 

„..__^ 


Dynkin diagram of D p+ i\ 
/• P+l 


i 2 p-2 p-r p 


1 2 p-2 p-l\ 

P 



We now consider embeddings of the complex algebras (i.e. B p C D p+ i), and later show 
that the embeddings hold for the real forms. Studying the Dynkin diagrams in Figure [TJ 
suggests the construction. 

iT = H* 1 < i < v ~ 1 

K p = H p + H p+1 , (3.5) 
where K l and F ±l3{l \ i = generate B p . It is readily checked that eq. (13 .5p 
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generates B p by checking the relations 

[K\F ±pU) \ = ±(A Bp y i F ± P U) 
[F^,F-P {i) ] = S^K 1 
(ad^w) 1 "^ F^ U) = i^j, (3.6) 

where is the the Cartan matrix for B p . Furthermore, by using the Hermitean conju- 
gation rules with respect to so(2p, 2), we also get the correct real form of B p , so(2p, 1). 

The non-compact roots w.r.t. the real form so(2p, 1) lie in a p-dimensional space. 
Viewed as a subspace of the p + 1-dimensional space, they correspond to vectors /3' r ' = 
| \ aS r } + ot'^), as can be seen by using the orthonormal basis and eq. f)3.ip . The choice of 
basis of the roots of B p is such that there is a unique simple non-compact root given by f3^\ 
This implies that the highest root 9b p is compact since the Coxeter label corresponding 
to this root is 2. Furthermore, in this basis \9b p \ 2 = 2, so that the Dynkin index of the 
embedding is one. We will denote by A the roots of B p . Introduce the notation 

p-i 

(9, a)' = Y, & i (« WV > a ) + 9 p i aiP)V + « (P+1)V > «) - ( 3 - 7 ) 

where the scalar products on the righthand side are in the root space of D p+ \. By using 
the orthonormal basis above, one easily shows the following 



XT l _ qn e ~i(8,a)' TT \ _ qn e -i(8,a) 



q"e *~t i — q er 



a<=AZ 



qn f p—i(9,a)' 



n 



1 _ qn e -i(0,a) 



(3.9) 



where q and 9i, % — 1, . . . ,p, are arbitrary parameters. These particular relations will be 
used in the next section. 

Let us discuss the above construction for the coset SO(2p— 1, 2)/SO(2p—l, 1). so(2p— 
1,2) is a real form of B p and so(2p — 1, 1) is a real form of D p . The construction above 
relies on using the complex algebra and projecting onto a real form by taking roots to be 
either compact or non-compact. This implies that the Cartan generators are compact, 
which in turn implies that the number of non-compact generators are even. This is not 
the case for so(2p— 1,1), which has 2p — l non-compact generators. Therefore, one cannot 
apply this construction to the even-dimensional case. 
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In order to gauge the so(2p, 1) degrees of freedom, we use the formalism of Karabali 
and Schnitzer [5]. This approach uses the BRST symmetry to define the coset space. As 
was shown in [I], the BRST formulation is necessary to achieve unitarity. In order to 
construct a nilpotent BRST charge one starts with the so(2p, 2) WZNW model at level k 
and supplements it with an auxiliary sector, which is a so(2p, 1) WZNW model of level 
k = —k — 2g^ 2p = — k — 4p + 2. We will denote the corresponding current modes by K l n 

and F", where i — 1, . . . ,p and a G A c . We define 'Hp, to be the (irreducible) state-space 
over a highest weight state with weight fx. 

From the commutators of the subalgebra, see eq. (12. 2p . one can determine a BRST- 
charge 



Qi 



V 



i=l Tig 
P 



n6Z,a6A 



+ EE E 
- ^E E 



a 1 ■ c r a b~ a 



,™ u n - m— n 



V — 111 — 



."E 

i=l 



-"m u n —m—n 



(3.10) 



where : . . . : denotes normal ordering and we have introduced the fee-ghosts with the 
non-zero brackets 



[ c m,i> bn\ 

KX] 

It is conventional to define the following ghost "vacuum" 



X X«+/3,0 
°m+n,0° 



(3.11) 



b'm |0) 6 , c 
C n,i |0) 6 . 



£ |o)v 

|0) 6>c 




0. 



(3.12) 



for m > 0; n > 0; a G A + , p > and q > 0; a G A , p > and g > 0. The state- 
spaces spanned the fec-ghosts by acting with fee-creation operators is denoted by l-i hc . The 



Hermiticity properties are defined to be (fe" 



- J - u —n > 



ft 



and 



c_„ ;i , where the plus (minus) sign refers to compact (non-compact) roots a. 



The coset construction is now formulated through the BRST condition, so that states 
in the coset space satisfy 



Qi\s) 

b'o\S) 




0. 



■ p 



(3.13) 



S 



States satisfying these equations and that are non-trivial in the Q\ cohomology, i.e. non- 
exact, are true states in the coset model. Now eq. f)3. 13j) does not represent physical states 
in our case, since the string theory, that is represented by this WZNW model and possibly 
some unitary conformal field theory coupled to it, is defined by including the Virasoro 
conditions. Thus, we define the full BRST operator 

Q = Qi + ^ [L n + L n + L' n - Snfl^j r]^ n - ^ m : r]^ m r]_ n V m+n : 

ra£Z m,n£Z 

+ Yl Yl ( n : V-mCZnb^+n : +n : r). m C- n ft m+n ■) ■ (3.14) 

L' n originates from some unitary CFT and (rj, V) are the usual conformal ghosts. 

The (77, V) -ghost state-space H v p is defined as for the 6c-ghosts, with a "vacuum" 
state 

Vm\0) v<v = 

Vn\0} VtV = 0, (3.15) 

for m > and n > 0. The corresponding state-space is denoted by 7i vV . The full ghost 
"vacuum" is the product of the two separate ghost parts, \0) ghost = \0) bc ® \0) nV . We 
denote the product space 

by n ghost = H bc x w t_ We denQte by H ,ghost the subspace of 

states satisfying b l |$) = 0, % — 1, . . . ,p, and Vq |$) = 0. 

Using the BRST operators one can construct the following BRST exact quantities 

K** = [Q,b{ ) }=K* + KZ + Y, al -- b - m c- a : (3.16) 

= [Q,V n ] = L n + L n + L' n + Lt-S nfi , (3.17) 

where 

{a, a) „_ aEia 



^ n ~ 2 (k + 2p) ^ f : ^ i ^ m ^"-~ m ' + E 2 ' ^ m ^ n ~ m 

1 V f . r fC & 4- V" ■ F~ a F' 



a. rpoi 
m n—m ' 



L n = E [ m : b n-™cm,i : + b-« m C : ■ (3.18) 



aeA 
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Using Q as our BRST charge, the physical state-space of the string theory is defined 
by the conditions 



Q\*) 


= 




= 




= 



l,...,p 

(3.19) 



We denote by 'Klx the sub-space of states of TLp, x x Hfi FT x 'U9 host satisfying the 

above equations. Here "H^ FT represents some unitary CFT. States that are in U Q , will 
be called trivial if they are Q-exact and non-trivial if they are not. 
Non-trivial states in n?- have to satisfy 



iC M |$> = 0, i = l,...,p (3.20) 
Lq°* 1$) = 0, (3.21) 



which follows directly from eq. (I3.19P by taking the commutator of Q with b l and V, 
respectively. 

The representations that we will focus on in this work are antidominant highest weight 
representations for D p+ i. We believe that these are relevant for the string theories that 
we consider here as was well as in the earlier treated models in [T] [3] . 

For the auxiliary sector, the class of representations that are natural are found by 
studying the requirement that there should exist conventional BRST invariant ground- 
states. Such states are of the form 

|0;/i,/i) = |0;^)®|0;/i)®|0) aAo8t . (3.22) 

Using eq. f )3.20p we have 

= iC M |0;/^> = (// + /T + 2) |0; i = l,...,p-l, (3.23) 

and 

= fC' p |0;/i,/i> = (/i p + // +1 + /F + 2)|0;/i,/l>. (3.24) 

This implies that if we choose \x to be antidominant we must require jl to be a dominant 
Bp weight. This implies that the auxiliary sector has representations that are not uni- 
tary. Note that one may straightforwardly show that one needs to have an antidominant 
component of /i in the non-compact direction. 

For a general non-trivial state in "}t:~ we have to require eq. (I3.20p . which implies the 
following. 
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Lemma 2 nz~ is trivial unless 

p+i p 
11* + $ + 2? - mja ij)i - mj/3 u)i = 0, i = 1, . . . ,p - 1 

3=1 3=1 

P+1 p 

n* + + /F + 2^ - J2 m 3 (« 0> + - J2 = ( 3 - 25 ) 

3=1 3=1 

for some integers rrij and rhj. Here a^' G A s , G A s . In particular, unless (// + /T) G 
Z, z = 1, . . . ,p — 1, and \i v + fi p+1 + pP G Z, "H* 9 - zs trivial. 



4 Unitarity 



In order to analyze unitarity of the space of states satisfying eq. (I3.19p . we use the same 
technique that we successfully applied previously in [TJ. Define, therefore, the character 



Tr 



exp [2vrir (L* ot )] exp 



i 



tot, l\ 
J 



-1 



.AN, 



9 1' 



(4.1; 



ANgh is the ghost number of the state in question relative to the ghost vacuum. The 
trace is taken over all states. The character decomposes into separate parts 

X CFT (r)x 9h (r,e) X CFT9h 



X t0t (r, 



e -27rir^so(2p,2) 



t 



(4.2) 



The character defined in eq. (14. ip receives only contributions from non-trivial BRST 
invariant states. However, since the physical states not only satisfy the BRST condition, 
but all the conditions in eqs. (I3.19p . (I3.20p and (I3.2ip . we must instead consider the 
following function 



J rf r i3 (s " 0(2p ' 2) ' s " 0(2p ' 1)eyir) (^) = J "dr J " d6 {x tot (r,9)} 



= / dr / d9 Tr 



exp [27rir (L* ot )] exp 



tot,i 



i=l 



-1 



.AN, 



(4.3) 



where we have defined d9 = YlS=i d&i- The r- and ^-integrations are formal integrations 
which act as projections, J dr J d9e 2nlTp e z9r = S Pi0 5 ri0 , which is required by the eqs. (I3.20p 
and (E25). The function B^< 2p ^' io ^® Vir \r, <j>) was first introduced in [5TQ and ex- 
tended in [52]. We also define another function, the signature function, 



Tr' 



exp [27rir (L* ot )] exp 



tot,i 



i=l 



,AJV, 



a i' 



(4.4) 



11 



The prime on the trace indicates that the trace is taken with signs i.e. a state with 
positive (negative) norm contributes with a positive (negative) sign in the trace. We 
define a corresponding coset signature function 



J dr5 (*(2P,2).*(2p, 1 )eVir)( r ) = j dT j dd {^M)} 



dr / d9 Tr' 



exp [2mr (Ljf)] exp 



tot,i 




i=l 



-1 



iAJV, 



ah 



(4.5) 



Since the projection of the character onto states satisfying eqs. f)3.20p and (13.2ip gives the 
total number of states in n:~ for given weights and the same projection of the signature 
function gives the difference between the number of positive and negative norm states in 
the same state-space, we have the following lemma. 



Lemma 3 n7- is unitary if, and only if, 

J dr [ B (*W).*(*,W (Ti ^_ 5 



(so{2p,2),so(2p,l)®Vir) , 



0)] = 0. 



(4.6) 



The explicit form of the characters and signature functions involved are given by the 
following lemmas where we have defined q = e 2nlT . 

Lemma 4 Let ft be an antidominant weight. The character for the combined so(2p, 2)- 
and ghost-sectors is 



(4.7) 

The corresponding signature function is 



n { a - <n p+i n a - n l ± gS I • < 4 - 



X 

m=1 I aeA c aeA„ 



where C2 (/i) is t/ie quadratic Casimir of D p+ \ . 
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Proof. The characters and signature functions for the different sectors were essentially 
derived in [TJ . The difference compared to here is the choice of parameters describing the 
functions. In the present case we have 

aGA+ aGA+ ^ ' 

A | (1 - q m ) P+1 I| 1 _ gm e i(0,a) II ^ _ g m e i(0,a)) 2 j ' ^' 9 ^ 



X 
m 



e *°(2p,2) ( } = ^ e i(M rr — 1 rr 1 

M V J- J- l + e" 1 ^'") J-- 1 - fl - e -i(9,a)) 2 

a€A+ aGA+ ^ ' 

°° f 1 1 1 

X U I (1 + g m ) P+1 I| 1 + q m e i(e,a) II ^ _ q m el {e,a)f j ' ^ 4 ' 10 ^ 

where we have used eqs. (I3.8P and (13. 9p . For the combined ghost sectors we have 
X ah (q,9) = (l-e-^)) 2 

aGA+ 

m=1 [ c*gA J 

E^M) = J] (l-e- 1 ^) (l + e- 1 ^) 



oo 

X 

m=l 



aGAH 

oo 



X 

m=l 



[ < (1 - q m f +1 (1 + Q m T +1 ] [ (1 - <fV (e ' a) ) (1 + g m e i(e ' a) ) 



qGA 



(4.12) 



The lemma now follows by multiplying the above functions together. □ 

We will also need expressions for the character and the signature function correspond- 
ing to so(2p, 1). 

Lemma 5 Let fl be a dominant integral weight. The character for an irreducible affine 
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Bp-module of highest weight p is given by 



S0(2p,l) 



C 2 (M) 



T. 



q 2(fc+2p-i) e 



II 1 _ e -i(9,a) n 1 



-i(6,a) 



o6AJ 



X 



fr/^_n l - n - 

11 I (1 _ qm\P 11 I _ qm e i(6,a) 11 I _ q m^{e,a) 
171=1 \ a£A c a€A n 



x Yl signl 

w£W /3eL v 



we 



i(tu(A+p-j8(fc+2p-l))-A-/5,( 



x q 



(y9,/*+j5)-i(/9,^)(*:+2p-l) 



(4.13) 



TTie signature function w.r.t. the real form so(2p, 1)^ zs 



Tfio(2p,l), 



C 2 (A) 



T, 



g 2(fc + 2p-l)g 



n i _ e -i(e,a) n i 



-i(0,a) 



X 



fr/^_ n i n - 

11 j n — « m ) p 11 1 — o m e i ( e '' a ) 11 1 — q m e^ 9 ' a ^ 

m=1 { aeA c a€A n 



x ^ ^ sign(w)(-l) 2 ( w ^)-^ A Cp)) 

x e i(w(M+p-/9(fc+2p-l))-A-p,e) (7 (^,/i+p)-|(^ > /9)(fe+2p-l) 



(4.14) 



where C2 (p) is the quadratic Casimir of B p . 



Proof. The character above follows directly from the Weyl-Kac character formula [53] . 
In order to prove the expression for the signature function, we proceed in several steps. 
First, consider the following state of weight p! 



-p{0) 



-fib) 



p . 



(4.15) 



where we, for simplicity, have used affine notation, with (3^ being the additional affine 
simple root. This state, if it is in the irreducible module, has a signature (— l) mp . This 
follows since , F^ {1 \ ... , F^ {P 1} and iF^ P satisfy Hermiticity conditions correspond- 
ing to so(2p + 1)^ and p being dominant implies unitary highest weight representations 
for $o(2p + l)^. One has 



2 ( Affo) ,p! — p) mod 2 



2 ( A(p), p! — p ) mod 2 



(4.16) 
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with A' (p) defined as the weight (A (p) ,0,0). This follows as /3« v = 2/3 (A b) ,/3® v ) = 5^ 
and (A(p), 6 1 ) G Z with 6* being the highest root of _B P . 

Now, a general state of a definite weight fx' is given by a linear combination of states of 
the form eq. 04.15p . but with an arbitrary ordering among the generators. We may again 
apply the argument that such a state has positive norm if we replace the non-compact 
generators with % times the non-compact generator. Hence, also in this case we arrive at 
the signature (— l) mp , with m p given by eq. (I4.16p . 

Turning now to the signature function, the above result implies that the signature 
differs from the character by a sign factor (— l) 2 (^(p)'^ for a term in the character 
corresponding to a state of weight fx' . The weight can easily be read off from the char- 
acter and, in particular, it is straightforward to read off the p'th component. The cor- 
rect sign factor comes from taking 9 — > 9 + 27rA( p ) together with a compensating sign 
factor for the highest weight state. Thus, a factor (1 — q n exp(— i(9, turns into 

(1 + g n exp(— i(#, for non-compact roots, whereas the factor remains unchanged for 

compact roots. Similarly, terms of the form 

sign(w)e( 9 ' w{ ' M+ ^ ik+2p - 1)) - iM -^ (4.17) 

will change into 

s ig n ( w )(-l) 2 ( w ^+P+P(k+2p-l))-fL-p,A ip) ) e (9M^ (4-18) 

This can be simplified by using that the coroot lattice is invariant under Weyl group and 
that (j3, A(p) J G Z. Therefore, the previous equation can be simplified as 



si 



ign («;)(— iy( w &+p)-fr-P>hp)) e e Mfr+p+P{k+2p-i))-ii-p_ (4.19) 



This proves the lemma. □ 

We now state the main result of this paper. 

Theorem 1 Let fx be an antidominant weight. If jx is a dominant integral with fx p odd, 
then 1-L Q ~ is unitary. 



Proof. We will prove that the stated conditions are sufficient for unitarity by making 
use of Lemma [3j We will show that under conditions assumed, the integrands in eq. (14. 6 j) 
are equal. If /x l , i — 1, . . . ,p — 1, or fi p + fi p+l , is not an integer then the state-space 
is trivial by Lemma |2j Combining the characters and signature functions in eqs. (14. 7p , 
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(USD, (Q5]l and dUU) we get 



Y t0 -(Y 60 = r7 2(fc+2 P )-2(fc+2p-l)pl^,M+^+2p) _ 

> / y c 11 ]_ _ R -i(0,a) 



X 



nip-on i-^ l 

m=1 ^ aeA„ J 

x ^ ^ gig n ( w ) e KM/Hp-/3(fc+2p-l))-/I-p,0) 

x g G8,AH-fl-^C8,/9)(fc+2p-l) ^ 4 _20) 



a wsiy- 2( fe +2p-i) e i(e,M+A+2p) JJ 



X 



n a-?' 



m=l 



n^l 



X 



^ ^ sign(w)(-l) 2 ( ,u(/i+ ^- /i -^ A w) 

x e i(w(/t+pi-/3(fc+2p-l))-A-p i e) g 03,A+p)-|09 1 /3)(fc+2p-l)_ ^ 4 _2i) 

Studying the above expressions, we see that they are equal provided the sign factor in the 
signature function satisfies, 

(_1) 2 Ha+p1-p-p,a (p) ) _ ^ (4.22) 

Let us, therefore, study under what circumstances this is the case. We will prove the 
following result. 

Lemma 6 Equation ^4-22^ is satisfied if and only if (p,,/3^ v ) is an odd integer. 
Proof. For a fundamental Weyl reflection wu\ 

A w = W[i)(p, + p)-p,-p 

= + (4.23) 

we have 

2(A«,A W ) = (2-* P|i )(/i i +l)(/3 (<)v ,A (p) 



for i — 1, . . . ,p — 1 

pP + 1 for i = p 
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(4.24) 



Consider first the 'only if part of the lemma. If fi p ^ 2Z + 1 then one can choose 
the fundamental Weyl reflection w^), which yields that eq. (I4.22p is not satisfied. We 

now study the 'if part of the lemma. As fundamental Weyl reflections maps jl — > 
jj + riiPw (no summation over i), where rii G Z, it is sufficient to prove that satisfies 
2rii (u>(/3 w ), A(p)) G 2Z for all Weyl reflections w. As n p G 2Z, mP® is an element in the 
coroot lattice. Using that the Weyl group is an automorphism of the coroot lattice and 
that (/3 V , A(p)) G Z, we have proven the lemma. □ 

To conclude the proof of the theorem, dominant integral highest weights jl imply that 
jl is integral. By Lemma [2j p'eZ, i — 1, . . . ,p — 1 and fi p + /i p+1 G Z. Observe also that 
the conditions of the theorem imply that k is an integer. □ 

To generalize this to the world-sheet supersymmetric case is straightforward. This 
follows since this case is equivalent, by a field redefinition, to the bosonic model above 
and a free fermion model. The only difficulties come from the zero modes of the fermions 
in the Ramond-sector. This can be analyzed by the methods in [2]. If one assumes that 
the highest weight is antidominant and that the representations of the auxiliary sector 
are integer dominant highest weight representations this yields, using the steps above and 
the methods in [2J, that the model is unitary. 



5 Discussion of the necessary conditions 

In this section we will discuss the problems to formulate and, thus, proving necessary 
conditions in this case. We will illustrate the difficulty of the problem by considering 
the component of the highest weight which is simplest to investigate, /P, and restrict the 
analysis to the grade zero part of the algebra. Let us, furthermore, restrict our analysis 
by assuming that the highest weight for the auxiliary sector satisfies 

/? > -1 

k + l > (ji,0). (5.1) 
One can expand the grade zero part of the character as 

+ O (e^' e) ) , (5.2) 



X 



30(2p,l) 



(0) 



n 



1 - P -i(fl,a) 
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where we have excluded a factor proportional to q^"'\ [•] denotes the integer part of and 
7 is defined by (jx — 7, A^J > for 1 < i < p — 1. The signature function is 



tS0(2 p ,1) 



(0) 



n i_ e ~i{o,a) n x + e^'^'") 

_n[A p ]+i p - i ([A p ]+i)(^W) TT 1 TT L 

^ 11 i- e -W«) 11 1 + e -i 



+ (1 _x r _ ^ ( 1 V^l+i r -i(fA p l+i)fe,/3W) 1 



II 1 _ e -l(9,a) 



aGA5 



II 1 _L e -i(e,a) 



ieA"\{/3(p>} 



(5.3) 



where we again have excluded a factor proportional to \ 
Consider now the combination 



d6 



(5.4) 



where x]Sfi) an d ^i(^) are the grade zero part of the equations given in eqs. (14. 7p and (14.81) . 
respectively. This is twice the number of non-unitary states at each grade. Therefore, to 
have unitarity, this integral has to be zero. Consider two different cases. The first case is 
when ft is not an integer. Then eq. (15.41) reads 



00 00 „ 

l) [fLP] 2^2^2 / d6»e i ( A1+A+2 ^" ([/iP]+2+m+n)/3(p) ' 9 ), 



(5.5) 



m=0 n=0 

The second case is when pP is an even integer, then (15. 4p reads 



00 „ 

-2^ rf6'e i ( M+/i+2/ '" (AP+1+m)/;i(p) ' 9 ). 

m=0 



Therefore, for the two different cases, we get non-zero result if 

(i + ji + 2p- ([/F] + 2 + m + n)/3 (p) = 
fi + Ji + 2p - (/? + 1 + m) = 




0. 



(5.6) 



(5.7) 
(5.8) 
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These solutions do not give antidominant weights since for the two cases 

f j,P + fJ P+ 1 = ([jjP] + i-flP) + [pp] + i + 2(m + n)>0 

+ = (\jF]-p?) + \p?] + 2m>0. (5.9) 

Hence, to be able to study conditions coming from the unitarity one has to consider other 
states, which in turn implies that one has to consider different cases depending on the 
values of the different components of the auxiliary highest weight. This will be even more 
complicated than the considerations in [3] of the case g = su(p, 1). Furthermore, the 
study of the necessary conditions of q = su(p, 1) in [3] was based on an iterative method, 
which here means that one has to show that \j? G Z for j > i in order to show that /? is 
an integer. 

6 Concluding remarks 

We have been able to prove unitarity for our models for antidominant highest weight 
representations. In addition, for the auxiliary we needed to impose the requirement 
of oddness of the last component of the highest weight. This requirement followed by 
the assuming that the integrand of eq. (14.61) should vanish. The extra requirement is 
certainly not very appealing, as one would expect that it is not respected when one 
considers interactions. However, the condition may not be a necessary one. The necessary 
conditions arise only after performing the integration i.e. the integrand can be allowed to 
be non-zero. It is certainly an important problem, alas quite difficult, to study whether 
or not the extra condition is really needed. At this point we have no indications to what 
we may expect of such an investigation. 

Our construction here works, as pointed out above, for an odd dimensional space-time. 
Basically, this is because we have only considered discrete representations using a Cartan- 
Weyl basis of the algebra. Certainly there exists a solution to the embedding problem 
using another basis. However, the analysis of unitarity will then have to proceed along a 
quite different lines. 
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A Some properties of 50 (4, 2) and the subalgebra 50 (4, 1) 

In this appendix we will derive some properties of so(2p, 2) and its subalgebra so(2p, 1). 
This is the simplest non-trivial example of finite-dimensional algebras connected to the 
theories considered in the paper. We have included this discussion in some detail, since we 
have found nothing in the literature discussing certain issues of representations for non- 
compact algebras and possible embeddings of subalgebras. Since so (4, 2) is a subalgebra 
so(2p, 2) for p > 2, some of the results presented here are also relevant for the more 
general case. 

A.l The algebra D 3 

We first collect some formulas for D3. The Cartan matrix is 



and the quadratic form is 





2 


-1 


-1 " 




A ij = 


-1 


2 





(A.l) 




-1 





2 






1 


1/2 


1/2" 






1/2 


3/4 


1/4 


(A.2) 




. 1/2 


1/4 


3/4 _ 





The quadratic form is G u = A u , which follows from the fact that the Cartan matrix is 
symmetric. 

There are three simple roots and a^ 3 \ They all have length squared equal to 

two. The other positive roots are then a>^ % + = (1, 1, —1), + a^ 1 = (1, —1, 1) 
and + a (2)i + a®* = (0, 1, 1). We also have af } = (1, 0, 0), af ] = (0, 1, 0) and af ] = 
(0,0,1). One has p i = \ Y. a> o a = (1,1,1)- Denote the generators by E ±1 = E ±a(1 \ 
E ±2 = E ±a{2) E ±3 = E ±a(3) E ±12 = £;±(a Cl) +« (2) ) e ±13 = _g±(" (1) + a(3) ) anc i _g±i23 ^ e 
Cartan subalgebra is generated by H 1 , H 2 , and H 3 . 

A.2 Different realizations of the real form so(4, 2) 

In this section we will construct the different realizations of the real form of so (4, 2) where 
the Cartan subalgebra is assumed to be compact. In order to find the real form from the 
complex Lie algebra, one needs to specify the Hermite conjugation properties. First, we 
take all elements of the Cartan algebra to be Hermitean, (H 1 )^ = H l for i — 1, 2, 3. This 
corresponds to choosing them to be belong to the compact subalgebra of so (4, 2) (the 
maximal compact subalgebra is given by so (4) © u(l)). 
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Next, we assume that all generators E a are either compact or non-compact implying 
that (E a Y = ±E~ a , where the plus -sign is for a compact case. Since so(4, 2) has seven 
compact and eight non-compact directions, and we have three compact Cartan generators, 
the remaining generators group into four compact and eight non-compact generators. 
Thus, we have four compact generators E ±a , E ±l3 . The remaining four generators are 
non-compact. It is easy to see that the choice of realization of the real form induces a 
Z 2 grading of the algebra. Let us now treat all possibilities systematically. We will, for 
simplicity, call a a (non-) compact root if E a is a (non-) compact generator. 

Case I: compact 



If either or are compact, then the commutator implies that a^ + a^ or aW+a' 3 ' 
are compact. This gives too many compact roots. Thus, a 2 and a; 3 are non-compact. This 
implies that + and + are non-compact, and + + a^ 3 ' is compact. 
This case we will denote as a realization of the real form of type A, or type A real form 
for short. 

Case II: non-compact 



Here we will have to treat several possibilities. 

(a) and are compact. Then + a^ 2 \ + a^ 3 ^ and + + are 
non-compact. This case we will call a real form of type B. 

(b) One of and is non-compact. Then, one of + and + is non- 
compact and cr 1 ) + + compact. This gives three compact roots, one too many. 

(c) and a™ are non-compact. This implies that both + and + are 
compact, while + + a/ 3 -* is non-compact. This case we will call a real form of type 
C. 

This exhausts all possibilities and we have in total found three different types of real 
forms. These possibilities are not completely independent. By performing Weyl transfor- 
mations one may rotate the different roots into each other. For example, performing a 
Weyl rotation generated by one easily shows that starting from an A-type real form 
one will again get an A-type real form. On the other hand for a S-type real form it is 
transformed into a C-type real form and vice versa. Exactly the same result is found if 
we use (ct^ 1 ) + aS 2 ' + a^) as a generator of the Weyl transformations. The roots and 
oj( 3 ) on the other hand will change types as follows: A — > C, B — > B and C — > A. Finally, 
+ a (2) ) and + a (3) ) will give A -> B, B ->■ A and C ->■ C. Let us write three 
examples of explicit transformations that relate the different types. 
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A -± B 



B^C 



H 1 


= H 2 


H 2 


= H 1 


H 3 




E ±l 


= E ±2 


E ±2 


= E ±x 


E ±3 


= e t123 


E ±12 


= -E ±u 


E ±13 


= -E* 13 


E ±123 


= E t3 



H 2 + H 3 



H 1 




H 1 


H 2 




-(H 1 + H 2 


H 3 




-(H l + H 3 


E ±l 




E ±l 






E T12 


E ±3 




E Tl3 


E ±12 




-E* 2 


E ±13 






E ±123 




E Tl23 


H 1 




H 2 


H 2 




-(H 1 + H 2 


H 3 




-(H l + H 3 


E ±l 




E ±2 


E ±2 






E ±3 




—E Tl3 


E ±12 




—E Tl 


E ±13 




_ E ±123 


E ±123 




e t3 



(A.3) 



(A.4) 



(A.5) 
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A. 3 Highest and lowest weight representations of so(4, 2) 

We proceed by investigating different possibilities of highest and lowest weight representa- 
tions. For sl(2) the only possibilities are either a highest weight representation or a lowest 
weight representation. However, for other algebras there are more possibilities. These are 
given by examining all possible sets of roots A x such that the following conditions are 
consistent 

E 13 \fj) = 0, pe Aj. (A.6) 

We will now show that there are exactly 24 different possibilities. It is obvious that if we 
have one possibility Ai, then there exists another one given by changing all the signs of 
the roots in Ai. Let us denote this as the dual set Ai Thus, we can concentrate on the 
12 remaining possibilities by assuming that a'- 1 -' G Ai. 

The simplest case is given by assuming and are also in A x . Then all positive 
roots are in A x . This is the highest weight representation. The dual representation is the 
lowest weight representation. 

Next, assume and — are in Ai. Taking the commutator of E 1 and E 2 we find 
that + G Ai. For ±(a^ + cr 3 ') we have two possibilities either + G Ai 
or — (cr 1 ) + a^) G A x . In the first case the commutator between E 2 and E 13 implies that 
a^+a^ + a^ G A x . In the second case we can consistently take either a^ + a^+a^ G 
Ax or — (a^ + + cr 3 )) G Ai. In total, this gives three different possibilities. 

The third possibility is to have — and are in Ai. The discussion is exactly 
the same as the one above interchanging the roles of ±a^ 2 ^ and ±cr 3 ). This gives three 
additional cases. 

The fourth possibility is to have — and — in A]_. Then we may choose either 
cr 1 ) + G Ai or — (a^ + a^) G Ai. For each of these alternatives we can take either 
o/ 1 ) + G Ai or — (a^ + a^) G Ai. Checking the different commutators one finds 
in total five different consistent possibilities (given below). Summarizing one finds the 
twelve cases to be: 

Case (a) 

Ai consists of all positive roots i.e. we have a highest weight representation. 
Case (b) 

a«,a (2) , -a®, «W + a^ 2 \ a« + «( 3 ), a« + + G A x . 
Case (c) 
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a (l), a (2), - a (3) ; a W + a (2) j _( a (l) + a (3)) j a (l) + a (2) + Q (3) £ Al . 



Case (d) 
Case (e) 



a (l) ) _«(2) ; a (3) ; a (l) + a (2 }) a (l) + a (3) ; a (l) + a {2) + a (3) e Al _ 

Case (f) 

««,-«( 2 ), «( 3 ), -(a« + a< 2 >), e*« + «( 3 ), a W + a' 2 ' + a< 3 > G Al 
Case (g) 

aW, -«( 2 ), a' 3 ', + «( 2 )), a™ + «( 3 ), + + a<( 3 )) G A x . 
Case (h) 

a(Va (2) , -« (3) , + a (2) , a« + a( 3 \ a« + a< 2 > + a® G A x . 
Case (T) 



a (D j _ a W _ a (3) ? a (l) + Q (2) j + a (3) ? _( a (l) + Q (2) + a (3)) e Al _ 

Case (j) 



a 



(1) _ a (2) 9 -0,(3)^(1) + a (2) 9 + a (3) ); + a (2) + a (3)) £ Al _ 



Case (k) 



0,(1), _ a P) j _ a (3) } _( a (l) + a ( 2))j a (l) + a (3) j _( a (l) + a (2) + a (3)) G Ai> 



Case (1) 

a«, -a< 2 \ -a< 3 >, -(«« + a< 2 >), + a^), -(«« + a< 2 > + a®) G A x . (A.7) 

All dual cases are found by taking Aj = — Ai. 

The different mixtures of highest and lowest weight conditions found above may be 
understood in a simple way. Looking at the transformations (!A.3j) - (lA.5p . we see that 
if we define, for example, a highest weight representation with respect to the untilded 
generators, then with respect to the tilded operators, the representation is not a highest 
weight representation. Instead it corresponds to case (d) above. Thus, using Weyl trans- 
formations one may connect different possibilities (a)-(k). In fact, all cases can be derived 
in this way, which can be proven in a straightforward way by simply performing all 24 
Weyl transformations of the Weyl group of D%. We have no simple argument why this 



24 



should be true. It is of course so that every Weyl transformation yields a consistent set 
of conditions transforming from e.g. a highest weight representation. However, that the 
converse is also true is not, as far as we can tell, evident. 

The fact that all the different combinations of highest and lowest weight conditions 
defining a discrete representation of so (4, 2) are connected through the inner automor- 
phisms of the algebra generated by the Weyl group means that we can arbitrarily choose 
one of the 24 possibilities. Finding all possible unitary representations for this choice will 
imply that one has found all possible unitary representations for all the other cases as well. 
Thus, we could, for example, choose to study only the highest weight representations. 

However, once one has chosen a particular set of conditions to study, one has fixed the 
symmetry of the Weyl group and one is no longer free to use the Weyl group to connect 
the different types of real forms. Hence, one has to study all three types. They will, as 
we will see, not be equivalent possibilities from the point of unitarity. 

There is another option, namely to use the Weyl group to fix the type of real form. 
Then this leaves a some part of the Weyl group, but not all of it, to relate the different 
combinations in eq. flA.7|) . One reason to fix the type of real form is that when we look 
at embeddings of the subalgebra so (4, 1) into so (4, 2) then the different real forms admit 
different embeddings, as we will discuss below. The most natural embedding from the 
point of view of finding the coset space is the type A real form. 

Let us now show that the different types of real forms are not equivalent as far as 
unitarity is concerned, if we fix the type of representation completely. We choose to fix 
the type of representation to be of highest weight i.e. option (a) above in eq. (IA.7I) . We 
will now show that both type A and C real forms have no unitary highest weight repre- 
sentations. For type A real form E , E ±123 and H\ i = 1,2,3 are compact generators 
and all the others are non-compact. Since E ±/3 , with /3 being a positive root, and a corre- 
sponding element in the Cartan subalgebra need to have unitary representations of either 
su(2) for the compact case, or su(l, 1) for the non-compact case. Then we must have 
that the highest weight fi of a highest weight state, has a positive (or zero) component 
in the compact direction and a negative component in the non-compact direction. This 
implies /x 1 > 0, /i 2 < 0, /j 3 < 0, /i 1 + /i 2 < 0, ^ + p 3 < 0, and /i 1 + /j 2 + /i 3 > 0. Adding 
the fourth and fifth conditions we get 2/x 1 + /i 2 + /i 3 < 0, which is not consistent with 
what is implied by the first and last conditions. Thus, there are no unitary highest weight 
representations. 

For the real form of type C the argument is analogous. Here E ±12 and E ±13 are 
compact generators together with the Cartan generators. Then using the same argument 
as above we have \i % < 0, i — 1, 2, 3, /i 1 + /i 2 > 0, /i 1 + /i 3 > 0, and ji 1 + /i 2 + /i 3 < 0. 
Clearly, these requirements are incompatible. Thus, there are no unitary highest weight 
representations for this type of real form, either. 

For the remaining real form of type B we have E ±2 and E as compact generators. 
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Then we get the following conditions, yU 1 < 0, yU 2 > 0, yU 3 > 0, yU 1 + /i 2 < O,^ 1 + /i 3 < 0, 
and /i 1 + /i 2 + yU 3 < 0, which are equivalent to yU 1 < 0, ji 2 > 0, /i 3 > and /i 1 +/i 2 + /i 3 < 0. 
These conditions are compatible with each other, and one does have unitary highest weight 
representations, as proven by Jakobsen [49] and Enright et al |50j . 
Let us summarize our results for so (4, 2) in a lemma. 

Lemma 7 There are precisely three inequivalent realizations of the real form so (4, 2) in 
D 3 where the Cartan subalgebra is compact. Among the three types, only one, denoted 
type B here, admits unitary highest weight representations. 

Note that since we do not have to require unitary highest weight representations of 
so (4, 2) in our construction, we are not forced to choose the type B real form. 



A. 4 so(4, 1) as subalgebra of so(4, 2) 
The Cartan matrix for B2 is 



and the quadratic forms 



G; 



A 13 



1 1/2 
1/2 1/2 



(A.8) 



2 -2 
-2 4 



(A.9) 



The two simple roots of B% we denote by (3^ and . 0^ is a long root, = 
2, and /3 (2) is a short root, (/3 (2) , /3 (2) ) = 1. Furthermore, /3 (2) ) = -1. We have ex- 
plicitly = (2, -2), ^ = (-1, 2), = (1, 0) and = (0, 1/2). p = \ 



*>o 



+2/3(2). Denote the generators by F ±i = F ±^\ F ±2 = F ±^\ F ±i2 = F ±(^m+^) i 
F ±i22 = F ±(pm+2pW)_ The Cartan subalgebra is generated by K 1 and K 2 . 

Let us now investigate what type of realizations of so(4, 1) may occur. so(4, 1) has six 
compact generators. For so (4, 2) we found three different types. We will show that for 
so(4, 1) there is only one type that one can construct assuming the Cartan subalgebra is 
compact. 



(i) Assume first that F 1 is compact. Then F 2 has to be non-compact, which implies that 
F 12 is non-compact and F 122 compact. This is a possible solution. 

(ii) Assume F 1 to be non-compact. If F 2 is compact, then F 12 and F 122 are non-compact, 
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which is not a correct solution. If F 2 is non-compact, then F 12 is compact and F 122 is 
non-compact, which is not a correct solution, either. This concludes the proof. 

Thus, we have found that the only possibility is to have F ±l , F ±l22 and K l to be 
compact, under the assumption that the Cartan algebra is compact. 

We should now like to investigate in what way 50 (4, 1) may be embedded into so (4, 2). 
As it will turn out, this will depend on what realization of the real form of D 3 we choose. 
In particular, we will show that if we would like to have an embedding which preserves 
the triangular structure of D3, i.e. positive (negative) root generators of B2 is formed 
from linear combinations of positive (negative) root generators of -D3, and in addition, 
the Cartan subalgebra of B2 is a subalgebra of D%, then this will only be possible for 
the type A real form of the latter algebra. We will call an embedding that preserves the 
triangular structure to be a regular embedding. 

Lemma 8 The only regular embedding o/so(4, 1) mso(4, 2), where the Cartan subalgebra 
is compact, appears for the type A real form. 

Proof. We begin by assuming the type A real form. This means that cr 1 ) and cr 1 ) + 
+ correspond to compact generators, while the rest of the roots correspond 
to non-compact ones. As we have established that there is only one real form of B2 
with the Cartan subalgebra being compact, we must for a regular embedding take the 
compact generators of so (4, 1) i.e. F^ and F ±122 to be linear combinations of E ±x and 
E ±123 . A general ansatz is to take F 1 = aE 1 + bE ±123 and F 122 = cE 1 + dE 123 for 
constants a, b, c, d. Taking the Hermitean conjugation we have F~ l = a*E~ 1 + b*E~ 123 
and F~ 122 = c*E~ l + d*E~ 123 . From [F\ F~ 122 } = we get ac* = bd* = 0. We have two 
solutions either b = c = 0ora = d = 0. Let us choose b = c = and a = d = 1 (for 
simplicity). The other solution, b = c = 1 and a = d = is easily seen not to lead a 
possible solution following the steps below. 

To find the other generators one can make a general ansatz for F 2 using the non- 
compact generators of so(4, 2). F 2 = pE 2 + qE 3 + rE 12 + sE 13 . Then we have from 
[F\F% F 12 = [F\F 2 ] = pE 12 + qE 13 and F 122 = \[F 2 ,F 12 } = (p + q)E 123 . Using 
F^ 1 = E" 1 and [F~ l ,F 12 ] = F 2 , we see that r = s = 0. We can, furthermore, set 
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p — q — 1. We have then found the following complete embedding 




E ±l 

£±12 + £±13 



E 



±123 



K 1 
K 2 



H 2 + H 3 . 



(A.10) 



Let us now look at type B real form. Then E ±2 and E are compact, while the 
rest are non-compact. We have a general ansatz F l = aE 2 + bE 3 , F 122 = cE 2 + dE 3 and 
F 2 = pE 1 + qE 12 +rE 13 + sE 123 . Using again the commutator [F 1 , F~ 122 ] = 0, we arrive at 
the same conditions as above, b = c = or a = d = 0. Since the algebra D% is symmetric 
under interchange E 2 -h- E 3 , we can, without loss of generality, choose b = c = and 



a = d=l. Then F 12 = [F\F 2 ] = -pE 12 + rE 123 and F 122 = \[F 2 ,F 12 ] = 0. Hence, it 



is not possible to find a regular solution to the embedding problem. 

For the type C real form we have E 12 and E ±13 as compact generators. Using the 
same type of ansatz as before we find that we can without loss of generality take F 1 = E 12 
and F 122 = E 13 . We have, furthermore, the ansatz F 2 = pE 1 + qE 2 + rE 3 + sE 123 . This 
implies F 12 = [F X ,F 2 ] = rE 123 and F 122 = \[F 2 ,F 12 } = 0. Again, we see that we have 
no regular solution. □ 

There do exist, however, other embeddings than regular ones. We can use the au- 
tomorphisms of the algebra discussed previously to find such possibilities. For example, 
using the transformations eq. (IA.3[) . we can get an embedding for type B real form from 
the one found for type A real form eq. f lA.lOp . We have explicitely, 




E ±2 

E ±l + £ T 123 

- E ±12 - E Tl3 



E t3 
H 2 



-H 2 - H 3 . 



(A.ll) 
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Likewise, we get an embedding for the type C real form, 

F ±l = _£T12 

F ±2 = E ±l + £±123 

F±12 = _ E T2 _ E ±3 

jp±122 —E ±13 

K l = -H l - H 2 

K 2 = H 1 . (A.12) 

Let us now discuss the signature function of so (4, 1). We will only consider the hor- 
izontal algebra, although the affine case is easily treated analogously. We use the real 
form that can be regularly embedded into so (4, 2), i.e. j3^ and (3^ + 2/3^ correspond 
to compact generators while (3^ and (3^ + (3^ correspond to non-compact ones. We 
now consider representations of so (4, 1) that are appropriate for the auxiliary sector. But 
we will denote the generators by E a (without tilde, for simplicity). The state-space is 
generated by a highest weight state Then the state-space is spanned by states of the 
form 

\X) = f[E^\n). (A.13) 

m=l 

Here A = /x — ni(3^ — n 2 /^ 2 \ where ni,n 2 are non-negative integers. 

Lemma 9 Let fi be a dominant integral weight. The signature of the norm of the state 
| A) is given by (— l)" 2 . 

Proof. The state |A) can be written in the form 

l A > = E [ C P^...p ni+n E^ . ..E**+»] l/x) (A.14) 

permutations 

where (3{, i = 1, ...,ni + are either (3^ (n\ factors) or (3^ (n 2 factors). Taking 
the Hermitian conjugate of this state yields the sign factor (— l)™ 2 from the non-compact 
generators. Then the norm is given by this sign factor multiplied by a non-negative 
constant. This follows from the fact that an irreducible representation of integral dominant 
highest weight is unitary for so (5), and the sign factor is the only difference when going 
to the so (4, 1) case. If the state is outside the irreducible representation then it has zero 
norm. □ 
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The character for the irreducible highest weight representation is given by Weyl's 
character formula. 

e i(w(n+p)-p,0) 

x fi (o 1 ,e 2 )= si g n Hff (1 _ e -i{a,o)y ( A - 15 ) 

The signature function is given by 

( _l) 2 ( w (^+P)-f J --P> A{2) ) e i(w(ji+p)-p,$) 

EJ6 1 ,0 2 )= > signfwW '—. ^-pf ; — r- (A.16) 



where A^ 2 ^ is a fundamental weight (corresponding to (3^). The signature function is 
proven using Lemma [5l 



30 



References 



[i 

[2 
[3] 
[4] 

[5] 
[6] 
[7 
[8 
[9 
[10 
[11 
[12 
[13 
[14 
[15 
[16 

[17 
[18 
[19 
[20 



J. Bjornsson and S. Hwang, Nucl. Phys. B 797 (2008) 464 [arXiv:0710.105T)l [hep-th]]. 
J. Bj6rnsson and S. Hwang, Nucl. Phys. B 812 (2009) 525 [arXiv:0802.3"578l [hep-th]] . 
J. Bjornsson and S. Hwang, arXiv:091 1.0264l [hep-th]. 

J. Helgason, "Differential geometry, Lie groups and symmetric spaces, " Academic 
press, 1978 

D. Karabali and H. J. Schnitzer, Nucl. Phys. B 329 (1990) 649. 
H. Rhedin, Phys. Lett. B 373 (1996) 76 [ [arXiv : hep-th/951 1 143| ] . 



J. M. Figueroa-O'Farrill and S. Stanciu, |arXiv:hep-th/9511229] . 



P. Goddard, A. Kent and D. I. Olive, Phys. Lett. B 152 (1985) 88. 

J. Balog, L. O'Raifeartaigh, P. Forgacs and A. Wipf, Nucl. Phys. B 325 (1989) 225. 

L. J. Dixon, M. E. Peskin and J. D. Lykken, Nucl. Phys. B 325 (1989) 329. 

P. M. S. Petropoulos, Phys. Lett. B 236 (1990) 151. 

S. Hwang, Nucl. Phys. B 354 (1991) 100. 

M. Henningson and S. Hwang, Phys. Lett. B 258, 341 (1991). 

I. Bars and D. Nemeschansky, Nucl. Phys. B 348 (1991) 89. 

E. S. Fradkin and V. Y. Linetsky, Phys. Lett. B 277 (1992) 73. 

M. Henningson, S. Hwang, P. Roberts and B. Sundborg, Phys. Lett. B 267 (1991) 
350. 



P. K. Townsend, Phys. Lett. B 350 (1995) 184 [arXiv:hep-th/9501068] . 



E. Witten, Nucl. Phys. B 443 (1995) 85 |arXiv:hep-th79 503124|. 

J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724 |arXiv:hep-th/9510017| . 

J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 
(1999) 1113] |arXiv:hep-th/9711200| . 

[21] G. Arutyunov and S. Frolov, J. Phys. A 42 (2009) 254003 |arXiv:0901.4937l [hep-th]]. 

31 



I Bena, J. Polchinski and R. Roiban, Phys. Rev. D 69 (2004) 046002 
|arXiv:hep-th/0305116| . 



R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 533 (1998) 109 
|arXiv:hep-th/9805028] . 



N. Berkovits, JHEP 0004 (2000) 018 [ arXiv:hep-th/0001035] . 



G. Arutyunov and S. Frolov, JHEP 0502 (2005) 059 | arXiv:hep-th/0411089] . 

S. Frolov, J. Plefka and M. Zamaklar, J. Phys. A 39 (2006) 13037 
|arXiv:hep-th/0603008] . 



N. Dorey, J. Phys. A 39 (2006) 13119 | [arXiv:hep-th/0604175| . 



N. Beisert, V. Dip pel and M. Staudacher, JHEP 0407 (2004) 075 
[arXiv:hep-th/0405001] . 



N. Beisert, Adv. Theor. Math. Phys. 12 (2008) 945 arXiv:hep-th/0511082|. 



G. Arutyunov, S. Frolov and M. Zamaklar, JHEP 0704 (2007) 002 



[arXiv:hep-th/0612229] . 

G. Arutyunov and S. Frolov, JHEP 0712 (2007) 024 [arXiv:0710.1568l [hep-th]]. 

N. Beisert, R. He rnandez and E. Lopez, JHEP 0611 (2006) 070 
|arXiv:hep-th/0609044] . 

N. Beisert, B. Eden and M. Staudacher, J. Stat. Mech. 0701 (2007) P021 
[arXiv:hep-th/0610251] . 

A. B. Zamolodchikov, Nucl. Phys. B 366 (1991) 122. 

A. Kuniba and J. Suzuki, J. Phys. A 28 (1995) 711 | arXiv:hep-th/9408135] . 



N. Gromov, V. Kazakov and P. Vieira, Phys. Rev. Lett. 103 (2009) 131601 
|arXiv:0901.3753l [hep-th]]. 

K. Pohlmeyer, Commun. Math. Phys. 46 (1976) 207. 

H. Eichenherr and K. Pohlmeyer, Phys. Lett. B 89 (1979) 76. 

K. Pohlmeyer and K. H. Rehren, J. Math. Phys. 20 (1979) 2628. 



32 



[40] M. Grigoriev and A. A. Tseytlin, Nucl. Phys. B 800 (2008) 450 |arXiv:0711.0l55l 
[hep-th]]. 

[41] A. Mikhailov and S. Schafer-Nameki, JHEP 0805 (2008) 075 |arXiv:0711.0T95l [hep- 
th]]. 

[42] M. Grigoriev and A. A. Tseytlin, Int. J. Mod. Phys. A 23 (2008) 2107 
|arXiv:0806.2623l [hep-th]]. 

[43] R. Roiban and A. A. Tseytlin, JHEP 0904 (2009) 078 [ arXiv:0902.2"489l [hep-th]]. 

[44] B. Hoare, Y. Iwashita and A. A. Tseytlin, J. Phys. A 42 (2009) 375204 



[arXiv:0906.3800l [hep-th]] . 
[45] B. Hoare and A. A. Tseytlin, larXiv:0912.2958l [hep-th]. 

[46] J. Fuchs and C. Schweigert, "Symmetries, Lie Algebras And Representations: A 
Graduate Course For Physicists," Cambridge, UK: Univ. Pr. (1997) 438 p 

[47] N. N. Shapovalov, Functional Anal. Appl. 6 (1972), 307. 

[48] V. G. Kac and D. A. Kazhdan, Adv. Math. 34 (1979) 97. 

[49] H. Jakobsen, J. Funct. Anal. 52 (1983) 385. 

[50] T. Enright, R. Howe and N. Wallach, Progr. Math. 40:97-143 (1983), Birkhauser. 
[51] S. Hwang and H. Rhedin, Nucl. Phys. B 406 (1993) 165. [arXiv:hep-th/9305174] . 



[52] S. Hwang and H. Rhedin, Mod. Phys. Lett. A 10 (1995) 823 |arXiv:hep-th/9408087| . 
[53] V. Kac, Funct. Anal. Appl. 8, 68-70 (1974). 



33 



